A formulation of dislocation-indenter interaction in two-dimensional, isotropic elasticity is presented. A significant dislocation-indenter interaction is predicted when dislocations are nucleated very close to the indenter. This interaction is expected to have an important influence on dislocation motion and multiplication. Upon nucleation close to the indenter, the dislocations are shown to modify the load, load distribution, and moment acting on the indenter. This effect is seen to vary with the indentation contact length. Further away from the indenter, the indenter-dislocation interaction is shown to be negligible.
I. INTRODUCTION
A number of studies of plastic flow and dislocation activity in nanoindentation have been conducted, some experimental, some theoretical, and some computational in nature.
1-6 Near-surface phenomena such as image forces, effects of oxide layers, and dislocation-dislocation interactions have been considered in descriptions of the mechanics of indentation during incipient plasticity. 3 However, we are not aware of an explicit formulation that describes the mechanics of interaction between a dislocation and the indenter, and the role of this interaction on onset of plastic flow. We seek to establish in the ensuing analysis that this interaction is potentially important during incipient plasticity, when the boundary conditions play a dominant role in determining the mechanical response of the material.
When an edge dislocation nucleates close to an indenter, the boundary conditions of the elastic field of the indenter are modified by both the free surface and the indenter. The free surface introduces stipulations on the stress field while the indenter determines the displacement field within the confines of its contact area. We analyze this problem in twodimensional ͑2D͒, isotropic linear elasticity and characterize the indenter contact mechanics in this framework. While a 2D analysis in isotropic elasticity is not expected to accurately depict the three-dimensional ͑3D͒ stress states prevalent in an actual indentation system, for example, indentation by a punch of finite diameter, it is anticipated that analogous formulations can be adapted to study dislocation-indenter interaction effects in such systems.
Due to the analytic complexity associated with this problem, we make certain approximations with respect to the geometry of the problem. We justify some of the approximations through comparison with prior studies while others constrain the validity of the solution to certain domains. While this analysis revolves around the study of edge dislocation-indenter interactions, it can be easily extended to study effects associated with screw dislocations or mixed dislocations of arbitrary Burgers vectors.
We would like to distinguish the ensuing analysis from the earlier analyses of Salamon and Dundurs 7 and Tanaka et al. 8 The analysis in Ref. 7 deals with the mechanics of a dislocation loop near the interface between distinct, isotropic elastic half spaces. The geometry of the problem we consider here is the interaction between a rigid indenter of a finite width and a dislocation in a half space. Our analysis is similar to Ref. 8 in that we attempt to evaluate the back stress due to the interaction of the indenter with a dislocation line, albeit, through an analysis that takes into account the finiteness of the indenter width and the inhomogeneity of the displacement field due to the dislocation.
II. EDGE DISLOCATION-INDENTER INTERACTION: FORMULATION
We describe the edge dislocation-indenter interactions by enforcing appropriate displacement boundary conditions for the dislocation's displacement field by taking into account the indenter geometry in linear elasticity. The boundary conditions comprising the free surface and indenter geometry modifies the stress field around an edge dislocation.
Consider an edge dislocation with the Burgers vector b, as shown in Fig. 1 close to the edge of an arbitrarily shaped, frictionless indenter and located at ͑−a , l͒. It is assumed that the dislocation is located at a distance ␦ from the edge of the indenter-material contact region. But for the indenter, the effect of the free surface is described in a good approximation by an image dislocation construction. In the image disloca- tion construction, for the edge dislocation in Fig. 1 , the effect of the free surface is modeled by considering a virtual edge dislocation ͑shown by the dotted symbol͒ with the Burgers vector of opposite sign located at ͑−a ,−l͒. 9 It is important to note that the image dislocation construction does not yield an exact solution for the edge dislocation near a surface since this construction does not yield a vanishing shear stress at the free surface. Hence, corrections need to be introduced to ensure that this shear stress goes to zero. 9 In the method described herein, the corrective terms can be introduced, but at considerable cost in terms of an analytic complexity. However, in order to keep the formulation simple, we will only use the image dislocation construction illustrated in Fig. 1 .
Consider the surface displacements ͑at z =0͒ of the half space as a result of the distortion produced by the dislocation. Taking the effect of the virtual image dislocation into consideration, the displacement at the surface u z ͑x͒ can be calculated by setting z =0 in u z ͑x , z͒,
͑1͒
Between x =−a + ␦ and x = a − ␦, the displacement boundary conditions correspond to that of the indenter geometry. Thus, the pressure distribution beneath the frictionless indenter has to be such that it compensates for the distortion produced by the dislocation while conforming to the geometry of the indenter.
The boundary condition at the indenter-material interface can, therefore, be decomposed into two components:
͑1͒ a pressure distribution required to "smooth out" the surface distortion u z ͑x͒ due to the edge dislocation, and ͑2͒ a pressure distribution required to conform the material to the geometry of the indenter, u zគindenter ͑x͒.
That is, the pressure distribution p͑x͒ underneath the indenter should produce a surface distortion equal to u zគindenter ͑x͒ − u z ͑x͒. u zគindenter ͑x͒ depends only on the indenter geometry while u z ͑x͒ depends only on the dislocation position ͑a , l͒. We can thus calculate the contribution to the pressure distribution from u z ͑x͒ and then superpose the contribution from u zគindenter ͑x͒, the indenter geometry.
A. Flat-punch-edge dislocation interaction
The pressure distribution required to smooth out the surface distortion due to the edge dislocation at ͑−a , l͒ in Fig. 2 , and restore the surface to being flat, can be estimated by taking the indenter geometry to be that of a flat punch and calculating p͑x͒ from.
where is the shear modulus and is the Poisson ratio for the material. u z Ј͑x͒ is a derivative with respect to x of the surface displacement u z ͑x͒. The minus sign in front of u z Ј͑x͒ acts to nullify the surface distortion due to the edge dislocation. u z Ј͑x͒ is given by
In the small l regime, that is, when l is very small compared to a such that l 2 Ӷ a 2 and ␦ Ӷ l, corresponding to an edge dislocation that nucleates very close to the edge of the indenter, u z Ј͑x͒ can be approximated by
p͑x͒ in the small l regime is found by evaluating
We expect ␦ to be small for all cases of interest since the dislocation is likely to nucleate very close to the edge of the flat punch where the stress values are the greatest and, thus, we assume that ␦ Ӷ l and ␦ Ӷ a. This considerably simplifies the expression for the pressure distribution beneath the flat punch required to accommodate the dislocation to 
Strictly, the expression for p͑x͒ is
However, to focus on the pressure distribution characteristics that depend only on the position of the dislocation, we do not include the second term in our analysis. In our discussion of indentation with a cylinder that follows, and in any similar analysis for an arbitrarily shaped indenter, this term can be introduced without any change to the analysis that is presented below.
The load ͑L͒ on the indenter is obtained by evaluating ͐ −a+␦ a−␦ p͑x͒dx and the moment ͑M͒ is obtained from
The value of the shear stress in the material at ͑−a , l͒ produced by the load L and associated with p͑x͒ can be found as
͑10͒
We again assume ␦ Ӷ l, ␦ Ӷ a, and l Ͻ a to yield a considerably simplified expression for xz ͓not including the effect from the second term in Eq. ͑7͒ or the image dislocation͔.
When the dislocation has moved far from the indenter, in the large l regime, such that l ӷ a and l ӷ ␦, the expression for u z Ј͑x͒ approximates to
This surface distortion leads to a load distribution,
͑13͒
This load distribution leads to no net load, ͐ −a+␦ a−␦ p͑x͒dx =0, but only a moment M = ͐ −a+␦ a−␦ xp͑x͒dx acting on the indenter.
The shear stress in the material at ͑−a , l͒ produced by the moment M and associated with p͑x͒ is
We have so far considered the case of dislocation emission close to one edge of the flat punch ͑at −a͒ and evaluated the load and the moment acting on the indenter. However, it is likely that dislocations would simultaneously nucleate close to both edges of the flat punch ͑at +a and −a͒, as in Fig. 3 .
The expression for the surface displacement u z ͑x͒ for such symmetric dislocation nucleation is
͑16͒
The first two terms in Eq. ͑16͒ result from a dislocation of Burgers vector b at x =−a while the last two terms result from a dislocation of Burgers vector −b at x = +a. In the small l regime, the dislocation at x = +a contributes to a pres-
The total pressure distribution, that is the sum of that resulting from interactions with dislocations at x = a and x =−a is
͑17͒
The load L on the indenter due to this pressure distribution is L Ϸ 2ͱ 2a
There is no net moment acting on the indenter since the moment resulting from each of the dislocations cancels out the other. The shear stress on the dislocation as a result of dislocation-indenter interaction at x =−a can then be shown to be ͑not including the effect of the image dislocation or the elastic field of the indenter͒
͑19͒
Similarly, the shear stress acting on the dislocation at ͑x = a͒ is
͑20͒
Similar to the small l regime, it can be shown that in the large l regime too there are no net moments that act on the indenter when dislocations nucleate close to both edges of the indenter.
B. Indenter of arbitrary shape
The flat-punch-dislocation interaction described earlier essentially provides the pressure distribution required to "flatten" out the surface distortion due to the dislocation. With the surface flattened out, we can simply add the pressure distribution required to conform the material to the indenter profile to evaluate the pressure distribution that prevails underneath an indenter when a dislocation nucleates. This pressure distribution can be used to describe all aspects of the indenter-dislocation interactions and the loaddisplacement characteristics of the indentation process.
We illustrate this idea by using a cylindrical indentation of a half-space as an example. Consider indentation with a cylindrical indenter as shown in Fig. 4 , such that the applied load leads to a contact length equal to 2͑a − ␦͒. The pressure distribution beneath such a cylindrical indenter in the absence of any dislocations in the material is
͑21͒
When we stipulate that p͓±͑a − ␦͔͒ should be finite we arrive at the expression for the contact length,
This upon resubstitution into Eq. ͑21͒ leads to the familiar expression 10 for the pressure distribution beneath a cylindrical indenter,
In the event of dislocation nucleation in the subsurface, the pressure distribution in Eq. ͑21͒ will have to be modified to include the surface distortion effect of the dislocation. The modified pressure in the small l regime distribution then becomes
The method of superposition used in the case of the cylindrical indenter can be adapted to the case of any arbitrarily shaped indenter. Thus, we can describe the mechanics of the material indenter interaction following the dislocation nucleation.
III. DISCUSSION
Equations ͑7͒-͑9͒ indicate an effect of the dislocationindenter interaction on the pressure distribution, load, and moment acting on the rigid flat-punch indenter. This effect in turn produces a shear stress at the dislocation ͓ xz ͑−a , l͒ in Eq. ͑11͔͒ that repels the dislocation away from the rigid indenter. The initial dislocation emission is expected to be very close to the edge of the indenter, in the vicinity of the stress singularity such that ␦ Ӷ a. Thus, the effect of dislocationindenter interaction on the pressure distribution, load, and moment acting on the indenter is expected to be substantial due to the ͱ a / ␦ dependence indicated by Eqs. ͑7͒-͑9͒ and ͑11͒. In this context, an estimate for the value of ␦ is therefore important.
A. Estimate of ␦
In the event that ␦ is zero, the expressions for load and shear stress diverge. Hence, we require that ␦ be nonzero to ensure finiteness of L and M. Furthermore, ␦ cannot be negative either since L and M are real within this formulation. This stipulation is an artifact of our formulation and not the one resulting from the mechanics of the problem. This can be proven through a simple reformulation of the problem as follows. 
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For the case of negative ␦ we adopt an image dislocation construction ͑Fig. 5͒ different from that considered in Fig. 2 to describe the dislocation-indenter interaction. The surface stresses zz and xz due to the dislocation and its image are given by
xz ͑x,0͒ = 0. ͑26͒
In the small l regime ͑l Ӷ a͒:
While this stress state is admissible between x =−͑a + ␦͒ and x = ͑a + ␦͒, it is not admissible at the free surface beyond the confines of the indenter. To evaluate the stress state within the bulk material, we simply superpose the stress distribution resulting from a pressure distribution that is the negative of zz ͑x ,0͒ distributed between x =−͑a + ␦͒ and −ϱ. The shear stress acting on the dislocation at ͑−a , l͒ as a result of this pressure distribution is
Earlier, we had assumed the value of ␦ to be much smaller than a without sufficient justification. In indentation with a flat punch, the largest shear stresses are closest to the singularities near the edges of the indenter. This is where we should expect dislocation nucleation to occur and that is why we assumed a small ␦.
The effect of dislocation indenter interaction on the load acting on a flat punch was shown to be proportional to l in Eq. ͑8͒. As the indenter advances into the material following the emission of the first dislocation underneath a flat punch, it displaces this dislocation further along the z axis as the depth of indentation increases. Until the next dislocation emission, the slope of load-displacement curve is
Tadmor et al. 6 have carried out an atomistic simulation of 2D indentation of aluminum with a rigid flat punch. The simulation predicted a linear load-displacement curve immediately following the emission of the first dislocation. The slope of this curve was shown to be 34.4 GPa. For the same material properties used by Tadmor et al., = 33.14 GPa and = 0.319, on evaluating Eq. ͑30͒ and comparing it to 34.4 GPa, we obtain 2a ␦ Ϸ 10 17 . ͑31͒
This justifies our assumption regarding the small value of ␦ vis-à-vis a.
As a result of Eq. ͑31͒, Eqs. ͑11͒, ͑19͒, and ͑20͒ would indicate large shear stresses at a dislocation as a result of strong dislocation-indenter interaction that repel the dislocation away from the indenter. This interaction can accentuate the effect of the elastic shear stress due to indentation and aid in the dislocation multiplication. The dislocations near the indenter that act as a Frank-Read source will multiply much more rapidly than that expected from a calculation which neglects the dislocation-indenter interaction. A dislocation that nucleates close to the indenter can multiply rapidly in a self-sustaining manner wherein, each dislocation line close to the indenter, through its interaction with the indenter, will aid further dislocation emission.
B. Cylindrical indenter-dislocation interaction
The small value of ␦ leads to an interesting consequence near the edge of the contact region in indentation with a cylindrical indenter. In Eq. ͑24͒, if we apply the usual criterion for finiteness of the pressure distribution at ±͑a − ␦͒ then it is immediately apparent that there is no change in the length of the contact region following dislocation emission. However, large yet finite stresses are still expected at −͑a − ␦͒. Using Eq. ͑23͒, we can write for the cylindrical indenter
͑32͒
Clearly, at −͑a − ␦͒
which can be quite large as ␦ is very small compared to both a and l.
C. Dislocation interaction-induced instability
We find from Eq. ͑8͒ that immediately following dislocation emission, the dislocation-indenter interaction can lead to a significant increase in load for indentation with a flat punch. However, as the dislocation moves away from the indenter, in the large l regime, the dislocation-indenter interaction is negligible ͓Eq. ͑15͔͒. This scenario can lead to abrupt changes in the load required to keep the indenter in equilibrium and potentially to instabilities. The role of such dislocation-indenter interaction during plastic instabilities in nanoindentation is not clear within this framework.
D. Size effect in dislocation-indenter interaction
We see from Eqs. ͑6͒, ͑8͒, and ͑9͒ that the pressure distribution, indenter load, and shear stress acting on the dislocation scale according to the square root of the indenter size. This is unusual for a flat-punch problem where the contact length does not change with the load on the indenter. Also, the shear stress acting on the dislocation is dependent on the dimension of the indenter contact length ͑a͒ and the slope of the load-displacement curve increases with increasing indenter dimension ͑a͒. It is unlikely that this size effect in dislocation-indenter interaction is significant in the systems composed of a very large number of dislocations where dislocation-dislocation interactions, rather than dislocationindenter interaction, determine the mechanical behavior. This, however, is expected to play a role during incipient dislocation activity in indentation.
IV. CONCLUSIONS
We describe dislocation-indenter interaction using contact mechanics in linear, isotropic elasticity. In the small l regime, when the dislocation is very close to the indenter, we show that this interaction is strong. The shear stress resulting from this interaction is expected to play an important role in rapid dislocation multiplication at the onset of the plastic flow during indentation. Further from the indenter, in the large l regime, the dislocation interacts only very weakly with the indenter and thus, the effect of the indenter can be safely neglected. We also note a hitherto unexpected consequence of dislocation-indenter interaction in terms of the moment generated on the indenter. An edge dislocation always exerts a nonzero moment on the indenter, albeit this moment becomes negligible when the dislocation is far from the indenter.
While the analysis has focused on describing the interaction between a flat punch and an edge dislocation, we demonstrate via the example of a cylindrical indenter, the generalization of our formulation. The basic features of this analysis can be adapted to study the interaction between a dislocation and an indenter of arbitrary shape using numerical techniques.
Resulting from interactions with the indenter, we envisage significant elevation of shear stresses acting on dislocations close to the indenter. The presence of large interaction shear stresses is expected to accelerate dislocation multiplication following the nucleation of the first dislocation. In the small l regime, this interaction is dependent on the square root of the indenter size/contact length ͑a͒. This sizedependent behavior is expected to be significant during incipient plasticity wherein, dislocation-indenter interactions are expected to play a role in determining plastic flow.
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